In order to directly visualize the three-dimensional proton momentum distribution ( , ) (Main Fig. 3 ), we project it radially onto a unit sphere ( Supplementary Fig. 1 ). The number of protons detected per solid angle dΩ = cos d d on this unit sphere is encoded in the color map of the surface plot:
The azimuthal angle and the elevation angle are introduced to allow a convenient description in spherical coordinates. In that representation, the plotted proton yield is integrated over the kinetic energy. The spherical coordinates are defined as follows: to the applied electric fields. We therefore denoted this field as the linear near-field in the context of this work. We like to note that the Kerr-type non-linear bound state polarization is much smaller than the linear contribution in the considered intensity range. Possible deviations in the near-field enhancement due to the Kerr-effect are estimated to be well below 5% for the considered experimental conditions.
(2) With increasing intensity, nonlinear response effects resulting from free carriers from ionization become increasingly important. The displacement of the free electrons from their host ions gives rise to an additional polarization that can exceed the bound state polarization and must be included (plasma response). We include both, the polarization of the sphere resulting from the free charges as well as the Coulomb interaction among the free charges, via a quasistatic, selfconsistent mean field that we evaluate by solving Poisson's equation (using high order multipole expansion). A formal derivation of the underlying splitting of the fields into the linear term and the correction term including the non-linear response is given in 3 .As the liberated electrons are not removed from the model for the bound state polarization in point (1) above (this would break the linearity needed for the spectral decomposition), the relative ionization per atom should remain small. This is fulfilled in the scenarios treated in our study. 
